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1. It has been known for a long time that PI-rings need not be im- 
beddable in matrices over a commutative ring. However, a number of ques- 
tions have arisen about whether certain special classes of PI-rings could be 
imbedded in such matrix rings: 
(1) (Kaplansky [3, p. 41) Suppose R satisfies the standard identity 
in 2n variables. Can R be imbedded in n x 7t matrices over a commutative 
ring ? If not, can R be imbedded in K x K matrices over a commutative ring 
for some k ? 
(2) Suppose R is an algebra over a field F and R satisfies precisely the 
identities of F, , the n x n matrices over F, for some n. Can R be imbedded in 
matrices over a commutative ring ? 
(3) (Amitsur and Procesi) If, in addition to the hypotheses of (2), 
R is a finitely-generated algebra over the field F, can R be so imbedded ? 
(4) (Amitsur [l, p. 161) Suppose R is as in (3) and the Jacobson 
radical, J(R), of R is nilpotent. Then can R be so imbedded? 
In this note we construct an example which shows that the answer is 120 
to all four of the above questions. Amitsur[l] has produced counterexamples 
to (1) and (2). 
2. Unless otherwise stated, F will denote an infinite field and all rings 
will be algebras over F. All imbeddings will also be algebra homomorphisms. 
3. Before we begin, let us record some well-known facts. 
LEMMA 1 [2, p.2311. If K 1 F is a field extension, then K,, and F, satisfy 
the same F-identities. 
LEMMA 2. Suppose A is ajinitely-generated PI-algebra over F and A C Ck , 
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the k x k matrices over a commutative ring C. Then A can be imbedded in ck 
where c is a Noetherian commutative ring. Furthermore, A satisfies the ascending 
and descending chain conditions on right annihilators. 
Proof. Identity A with its image in C, and write A = F[x, ,..., x,] where 
each xi is a matrix over C. Let c be the algebra generated over F by the entries 
of the xi . c is Noetherian by the Hilbert Basis Theorem. Clearly A C c, . 
Since c, is right and left Noetherian and A is a subring of ck , the statement 
about annihilators follows. 
4. In the following, let t be an indeterminate over F. Let A be the ring 
I(; ;) /s,y~F[f,t-‘I,2EF[tlI. 
It’s easy to see that A is a finitely-generated algebra over F, left Noetherian 
but not right Noetherian and a subalgebra ofF(t), . It is convenient to write 
A as 
t 
F[t, t-l] F[t, t-l] 
0 1 FPI . 
Let I be the right ideal generated by (z k). Thus, 
We let yi be the element (i i-“) and Di the right ideal {a ( yia EI}. By 
inspection, 
x, y E F[t, t-l], z E tiF[t] 
and the Di form a strictly descending chain of right ideals of A. 
The idea now is to try somehow to make I into a two-sided ideal in some 
ring, factor out 1 and have the images of the Di appear as right annihilators. 
Let B be the following subring of A, : 
a,EF,a,,a,EA 
where F is, of course, identified with the scalar matrices. That is, 
B is a finitely-generated algebra over F and is contained in F(t)l , 
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Now, in B, the set 
is a two-sided ideal. 
i 1 iEI 
The point here is that F is in the center of A. We’re not quite finished: form 
the ring T = B/f. Th en, T is the ring of “triangular matrices” (,” $3 where 
A/I is an (F, A)-bimodule with respect to the natural actions. Since T is 
a homomorphic image of B, T is a finitely-generated algebra over F and 
satisfies all the identities of F(t)4 (and hence those of F4 by Lemma 1). How- 
ever, we assert that T fails to satisfy the descending chain condition on right 
annihilators. The right annihilator in T of the element 
Since the Di strictly descend, so do these right annihilators. Therefore by 
Lemma 2, T cannot be imbedded in C, for any k and any commutative ring C. 
If we form T @ F4 , we have a finitely-generated algebra over F satisfying 
precisely the identities of F4 and J( T @ F4) = j(T). But, 
l(T) =(“0 ,qa: ’ 1 and J(A)2 = 0, so J(T)8 = 0. 
Collecting the pieces, we have 
THEOREM 1. Given any in$nite field F. there is a Jinitely-generated algebra 
over F with nilpotent Jacobson radical and satisfying precisely the identities of F4 
which cannot be imbedded in C, for any k and any commutative ring C. 
We note that our construction could have been carried out over the integers 
with the result a ring which cannot be imbedded in the n x n matrices over 
any commutative ring. 
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